A three-dimensional multi-resolution time-domain (MRTD) analysis is presented based on a biorthogonal-wavelet expansion, with application to electromagnetic-scattering problems. We employ the Cohen-Daubechies-Feauveau (CDF) biorthogonal wavelet basis, characterized by the maximum number of vanishing moments for a given support.
One of the main disadvantages of the conventional FDTD is that it has a poor numerical-dispersion property. Numerical dispersion poses a serious problem, especially when modeling electrically large structures. To overcome this one must employ a large number of spatial sample points per wavelength, to keep the total accumulated phase errors within an acceptable level [5] [6] [7] . This increased spatial sampling implies, via the Courant stability condition, that more FDTD time steps are required to obtain a solution over a desired temporal support.
To reduce the numerical dispersion, one can utilize a higher-order finite-difference scheme [8] [9] [10] , in which the fields are expanded in terms of a Taylor series. The problem is that the order of accuracy is reduced if the fields are not sufficiently smooth. Thus, hybrid approaches are required to deal with the interfaces between different media. One can also develop multi-grid FDTD formulations [11] [12] [13] , to provide enhanced spatial sampling only in localized regions where such is needed. However, numerical errors may be introduced since the fields on the boundary of the finer-grid region are interpolated or estimated. Consequently, one must take care to assure the stability of such multi-grid FDTD formulations.
As an alternative solution to these computational issues, it has been demonstrated that the multi-resolution time domain (MRTD) method [14] [15] [16] [17] [18] [19] [20] [21] provides a good solution to the numerical-dispersion and multi-grid problems mentioned above. The MRTD is implemented by discretizing the differential Maxwell equations via the method of moments (MoM), with the fields expanded in terms of a family of wavelet and scaling functions [22, 23] . The use of different levels of wavelet functions in addition to the scaling functions results in a natural means of describing different levels of resolution. In particular, in zones with relatively fast spatial field variation the MRTD achieves higher resolution by including more wavelet functions in the expansion, while in slowly varying regions we employ scaling functions alone.
The Battle-Lemarie [15, 24, 25] and Haar wavelet families [18, 20, 21] are two commonly used basis functions in the MRTD literature. The Battle-Lemarie wavelet functions are smooth and therefore display good dispersion properties. However, the Battle-Lemarie wavelet family has infinite support, with compact support achieved approximately by truncating the associated scaling and wavelet functions. However, even these truncated functions have relatively extended support, yielding an MRTD formulation with update equations involving many neighboring field terms (i.e., the MRTD stencil size can be relatively large). By contrast, the Haar wavelet functions are discontinuous (i.e., they are not smooth), and therefore they are characterized by relatively poor numerical-dispersion properties. In fact, Haar-based MRTD employing scaling functions of support x ∆ , with n wavelet levels, is characterized by numerical dispersion equivalent to that of an FDTD solution based on spatial sampling x ∆ /2 n . The advantage of MRTD based on the Haar-wavelet family is that implementation is relatively simple, due to the basis-function's compact support and simple form.
In this paper we provide an efficient MRTD formulation characterized by good numerical-dispersion properties, while retaining algorithmic simplicity. As discussed further below, the Cohen-Daubechies-Feauveau (CDF) biorthogonal basis functions provide nice smoothness properties while retaining compact support. We have developed a three-dimensional CDF-based MRTD scattering formulation, employing scaling functions and one level of wavelets. It has been demonstrated [19] that the numericaldispersion of such an MRTD construct is considerably better than that of a Haar-based formalism and comparable to that of Battle-Lemarie basis (although the CDF basis is rigorously of compact support, while this must be approximated with the Battle-Lemarie basis). We implement plane-wave excitation via a connecting surface, and utilize a perfectly-matched-layer absorbing boundary. Several comparisons are made with scattering data computed via a reference FDTD model.
The remainder of the paper is organized as follows. In Sec. II we discuss the biorthogonal wavelet functions and application of MRTD to three-dimensional scattering problems. Numerical examples are provided in Sec. III, with comparison to FDTDgenerated scattering data. Conclusions and future work are discussed in Sec. IV.
II. Biorthogonal MRTD and its Implementation
In this section we first review the wavelet expansion, and motivate our choice of biorthogonal wavelets. We then present details on the MRTD formulation, followed by a discussion on implementation of the perfectly-matched layer (PML) and the connecting surface.
A. Biorthogonal wavelet expansion
Consider a smooth, one-dimensional signal f. The representation of this signal in terms of a wavelet basis is given by [4] ∑
where m φ represents the scaling function, m φ is the dual scaling function, . We also note that h g, denotes the conventional inner product between functions g and h.
The functions in (1) are designed to satisfy the relationships
If m φ = m φ and
then (1) is called an orthonormal expansion, and otherwise it is called a biorthogonal expansion.
Two common requirements used in designing wavelet systems are regularity and vanishing moments [23] . Regularity refers to the degree of differentiability of a function, whereas the k th moment of the wavelet function is defined as
It is desirable to have the scaling functions represent the "coarse" properties of the signal f, while using wavelets to locally add "detail". It can be shown [23] 
B. Formulations of the 3-D biorthogonal MRTD
Without a loss of generality, we take one of the Maxwell's equations as an example.
Within the Cartesian coordinates' frame, a typical equation is
According to the conventional MRTD scheme, any electric or magnetic field component 
where the indexes i, j, k, and m denote the discrete space and time indices related to the space and time coordinates, with δx, δy, δz, and δt representing displacements along the associated spatial (x, y, z) and temporal (t) directions. A summary of the displacements for different field components is given in Table 1 . We note that the subscripts of the basis functions are the positions of the associated peak signals. Inserting (4) into (3) and testing both sides with the associated scaling and wavelet functions, we can obtain the 8 corresponding MRTD equations. Due to the limit space, we only present two typical equations as example: 
where a n , b n , c n , and d n are the stencil sizes, which are equal to half the number of the none-zero coefficients for a, b, c, and d, respectively. All of the coefficients mentioned above are defined as follows,
The coefficients a, b, c, and d for various biorthogonal bases can be found in [19] . We note that all stencil sizes of these coefficients are finite, without approximation.
The MRTD equations for the other electric field components can be deduced in a similar manner. For the magnetic field components, however, the subscripts of the electric field components (representing the positions of the cells) are slightly different.
We also present two typical updating equations as an example 
, with µ representing the permeability. The numerical dispersion relations of this formulation have been discussed in [19] .
C. Material heterogeneity
The formulation discussed in Sec. IIB assumed that the material properties µ and ε (permeability and permittivity, respectively) are homogeneous. As has been discussed in previous MRTD papers [16, 18] , material heterogeneity can be handled in a rigorous fashion by introducing heterogeneity matrices for update equations, in local regions in which the material is not homogeneous. The manipulation of these matrices, which constitute coupling between field components, can significantly complicate MRTD implementation for general problems. As in the FDTD analysis, approximations can be made within the MRTD formalism, to make treatment of general heterogeneity more tractable. In particular, in most realistic problems the spatial support of the scaling functions is small relative to the material inhomogeneity. The same is also true of the wavelet functions. Therefore, to handle material inhomogeneity one can use, in equations like (5) and (8), a locally homogeneous representation, in terms of the permittivity and permeability of the local region sampled by the scaling function (and wavelet function).
For regions in which the scaling function overlaps two regions, one can employ averaging, as traditionally employed in the FDTD [2] . We note that utilizing scaling functions of small support enhances this approximation, further motivating such in the MRTD formalism.
We have performed a detailed analysis of the accuracy of this MRTD approximation, employing the worst case of abrupt material discontinuities. For example, in computation of the reflected and transmitted fields at a half-space interface, up to a contrast of 4:1 in permittivity, the errors made in the CDF (2,2)-MRTD implementation are typically less than 3%. Even when the contrast is increased to 12:1, the errors did not exceed 7% (the results are generally very good as a function of frequency, with most of the discrepancy seen in the frequency-localized nulls of the scattered spectrum).
D. Perfectly matched layer
The perfectly matched layer (PML) [26] has been widely used in the field of FDTD, due to its excellent performance. For simplicity, here we employ Gedney's uniaxial PML [27] instead of Berenger's split-field formulation. Efficient implementation of this scheme can be performed by a two-step updating procedure [4] . In particular, as described in [27] , the MRTD equations are used to solve for the displacement vector D, from which the electric fields E are computed directly. These electric fields are then used to solve for the magnetic flux B, from which we compute the electric fields H. In this context, we note that the mapping from D to E also employs a local approximation for inhomogeneous medium, in the sense discussed in Sec. IIC (we assume constant permittivity over the scaling-function support, with a similar approximation applied to the permeability, for magnetic materials). In the PML we also have spatially varying conductivity [26, 27] , with the MRTD update equations approximated using localized values as discussed above.
We note that, with this approach, the MRTD formulation employs a staircase-like approximation to material inhomogeneities (with local averaging, as needed), as often applied in the FDTD [29] . In the MRTD this staircasing is performed over the support of the scaling functions. As in the FDTD, local material averaging can also be employed for abrupt inhomogeneities. As alluded to above, we have found that this typically yields excellent performance for the problems considered. However, it is also important to emphasize that the MRTD has a natural formalism for treating inhomogeneities rigorously [16, 18] , although this adds the significant complication of inhomogeneity matrices.
E. Connecting-surface implementation
For scattering problems the source is often distant from the target of interest, and therefore plane-wave excitation is assumed. In the context of the FDTD, general source excitation (including a plane wave) is implemented via a connecting surface. In this formalism we employ two regions, defined by a closed surface encompassing the target(s) of interest. Inside this surface the total fields are computed, while outside the surface we only compute scattered fields. At the boundaries of this surface (termed a "connecting" surface) the update equations may have inconsistencies, since they may involve fields from both sides of the surface. To make these equations consistent, one adds or subtracts the appropriate fields [2] . In particular, after the aforementioned correction, outside the connecting surface the update equations are only in terms of scattered fields, and inside the surface they only employ total fields (again, after the above correction). The correction terms are a function of the incident fields [2] , and it is through this formalism that the incident fields are launched into the total-field region, inside the connecting surface.
In the MRTD formulation we also employ a connecting surface. The only complication in the MRTD formulation, vis-à-vis the FDTD, is that the correction terms must extend as necessary over the stencil size of the associated expansion functions. This implies that there is a region about the connecting surface, with support dictated by the stencil size, and in this region corrections are applied as indicated above. Therefore, we again see that the size of the stencil plays a critical role in the complexity of designing the MRTD scattering model. In particular, small templates minimize the region about the connecting surface at which the above correction terms are needed. We note that the Haar-based MRTD is particularly attractive in the implementation of the connecting surface [18] , since these wavelets have minimal support. Unfortunately, these wavelets have relatively poor numerical-dispersion properties. The compact-support biorthogonal wavelets provide a convenient compromise between template size and numerical dispersion.
III. Numerical Results and Discussion
Two numerical results are considered, with comparison to the conventional FDTD method. In both of the examples, a transient plane wave is implemented as the excitation, and the connecting surface is updated for the scaling functions only. The CohenDaubechies-Feauveau (CDF) (2,2) biorthogonal wavelet family shown in Fig. 1 is chosen for all MRTD computations, since this basis has been shown [19] to meet many of the requirements of an efficient MRTD scheme: maximum number of wavelet-function vanishing moments for a given support, good regularity for the dual wavelet function, compact support, and symmetry. However, the biorthogonal MRTD scheme can easily be extended to other biorthogonal wavelet families by changing the corresponding coefficients.
A. Dielectric box in free space
We first consider scattering from a lossless dielectric box situated in free space. The relative permittivity of the box is 4 = For this same example, we also considered applying the MRTD with both scaling functions and wavelets throughout the entire computational domain, to examine the changes accrued by adding the "detail" afforded by the wavelets. We see from 
B. Two dielectric boxes in free space
In the examples considered in Figs. 2 and 3 we have not exploited the full potential of the MRTD formalism. In particular, in both of these examples we have employed the same resolution (scaling functions or scaling functions with wavelets) throughout the computational domain. As has been discussed in Sec. II, the wavelet-based expansion affords the ability to develop a multi-resolution analysis, with scaling functions alone used in regions of relatively slow field variation (spatially), with wavelets added locally to add "detail" where the fields vary more quickly. We now consider an example for which such a multiresolution formulation is useful.
Consider the scattering geometry in For this example the additions of wavelets yields noticeable improvements in accuracy. However, it is anticipated that the wavelets are only required in the vicinity of the targets, since the fields vary more quickly in the dielectric (and due to interaction between the targets). Therefore, it is natural for us to apply wavelets only in the regions where the targets reside, and employ the scaling functions alone in the remaining regions.
For convenience of comparison, the differences between the W-MRTD results and the multi-resolution analysis are present in Fig. 6 . We observe that the agreement between these two models is almost perfect, except for a slight difference near the null for the VV- 
IV. Conclusions
A three-dimensional CDF(2,2) biorthogonal MRTD has been discussed and implemented in this paper, for electromagnetic scattering problems. Compared with the orthonormal wavelet MRTD, such as the Battle-Lemarie MRTD, the computational complexity of the algorithm can be reduced due to the small stencil sizes of the coefficients, while the phase error is still quite good [19] .
We have implemented MRTD with scaling functions alone, with scaling functions and one level of wavelets throughout, and with scaling functions throughout and wavelets only in localized regions of fast field variation. The first two approaches yield a singleresolution expansion, while the last approach is a true multi-resolution representation. For the examples considered here, we have found that the greatest computational savings, vis-à-vis the FDTD, are found using MRTD with scaling functions alone (termed S-MRTD, although in reality this is not a multi-resolution representation). The use of wavelets throughout actually results in a more computationally expensive algorithm, relative to traditional FDTD. Finally, the multi-resolution analysis (localized use of wavelets) resulted in substantial savings in CPU and RAM savings relative to FDTD (although this is more expensive than just using scaling functions alone). However, with regard to accuracy, we found that the selective use of wavelets, around regions of fast field variation, often yielded a noticeable improvement in accuracy (relative to using scaling functions alone).
The examples studied in this paper were relatively small electrically, and therefore there is less penalty in treating the entire region with a single resolution (as in the S-MRTD). However, as the electrical size of the target(s) increases, the multi-resolution analysis will yield more savings computationally, since there are likely to be larger regions for which disparate field variation is manifested (i.e., the domain will consist of large regions requiring distinct resolution). Nevertheless, even for the relatively small problems considered here, the multi-resolution scattering model has yielded substantial savings in both RAM and CPU, in comparison to the FDTD, with comparable numerical accuracy.
The computational savings accrued from the MRTD scattering analysis, with CDF biorthogonal wavelets, allows consideration of electromagnetic scattering problems of considerable electrical size. The improved numerical-dispersion properties of this algorithm have been discussed in [19] . To further enhance the problem sizes amenable to MRTD, in our future work we plan to develop a parallel (scalable) version of the CDFbased MRTD scattering algorithm. 
